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Steady state plane wave propagation speed in excitable media

Yuri B. Chernyak*
Division of Health Sciences and Technology, Harvard University–Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139
~Received 17 June 1996; revised manuscript received 27 March 1997!

With the view to excitation waves in neuromuscular tissue we study the propagation speedc of steady state
plane trigger waves as a function of the shape parameters of the nonlinear source function in the reaction
diffusion equation~the slow recovery variable is assumed frozen!. The nonlinear eigenvalue problem, which
yields c as the eigenvalue and the wave profileu(j) as the eigenfunction, is reformulated to allow us to
construct a variety of exactly solvable models, in particular the waves with profiles having central symmetry
about their midpoints. Trigger waves with asymmetric profiles are also considered. The propagation speedc is
expressed in terms of the shape parameters of the nonlinear source functioni (u). We show that among shape
parameters ofi (u) there are only three essential ones which control the propagation speed. We derive a general
expression for the propagation speed, which has the same simple form as in the well known case with the
sawtoothwisei (u) but with one parameter appropriately redefined. We also introduce a simple iterative pro-
cedure for solving the nonlinear eigenvalue problem. Finally introducing a new exactly solvable model we
show that the effect of noninstantaneous activation on the propagation speed can be reduced to renormalization
of one of the steady state model’s parameter.
@S1063-651X~97!13808-9#

PACS number~s!: 87.22.2q, 82.20.2w
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I. INTRODUCTION

Propagation speed of an excitation wave in excitable m
dia was perhaps first estimated in the recently rediscove
@1# early work by Luther@2#. The validity of Luther’s expres-
sion is limited by the fact that it does not incorporate a
nonlinearity parameter responsible for formation of an ex
tation wave~see Ref.@1#!. The nonlinear problem was firs
introduced for population waves by Fisher@3# and fully
solved by Kolmogorov, Petrovskii, and Piskunov~KPP! @4#.
In Fisher’s and KPP’s approach the excitation is realized
an ‘‘ignition’’ wave in which a variableu changes from zero
to unity. Fisher@3# considered a specific quadratic nonline
sourcef (u)5u(12u) in the reaction diffusion~RD! equa-
tion while KPP@4# performed their analysis for anarbitrary
convex nonlinear sourcef (u). KPP analyzed global stability
of the solutions and showed that the propagation spee
determined by only one parameter of the source functio
the slopef 8(1) at the final, stable stateu51 ~the initial state
u50 is unstable!. An important extension of the KPP resul
for the nonconvex case can be found in Ref.@5#. It was later
discovered that apart from the Fisher-KPP waves so
stable faster waves may evolve from some specific ini
conditions~see for a review Ref.@6#!. Almost simultaneously
with Fisher and KPP, Zeldovich and Frank-Kamenetskii@7#
considered an ignition wave described by a RD equa
with nonconvex sourcef (u) and using simple physical con
siderations derived an explicit expression for its speed.

More recent studies in the excitation waves in neurom
cular tissue and autowave chemical reactions revived inte
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in the propagation speed. The corresponding RD equat
incorporate a qualitatively different nonlinear source w
three or more nodes, and thus require quite a different
proach @8–13#. Besides, after being excited the mediu
eventually relaxes to the initial state, and this is described
additional ‘‘recovery’’ variables obeying extra equation
However, such a complex set of equations can still be
duced to a single RD equation by using the standard
proach of singular perturbation theory@8–13#. We shall fo-
cus our attention in this paper on electrophysiologi
excitation waves propagating in neuromuscular tissue
neglect the influence of the slow processes on the back o
wave. Thus, we shall considertransitional waves~also re-
ferred to asleading edgeor trigger waves! described by a
single RD equation~except Sec. VII!. Such waves are solu
tions of a RD equation with a nonlinear sourcef (u)52 i (u)
@i (u) has the meaning of transmembrane current# and there-
fore all dynamical characteristics of the waves are functi
als of i (u). The main aim of this work is to find such
parametrization of the sourcei (u) that allows one to obtain a
general expression for the propagation speedc as a function
of the essential shape parameters ofi (u). We also demon-
strate that the parameters of different source functions ca
mapped on each other in such a way that the obtained e
tion for c holds. In Sec. VII using a specific model we sho
that the account of activation processes in neuromusc
tissue results only in a minor correction to the propagat
speedc and that the shape parameters can be so redefi
that the same steady state expression forc remains valid.

II. BASIC EQUATIONS

A. Equations of homogenized syncytium
representing neuromuscular tissue

General equations representing neuromuscular tissue
continuous medium have been only recently derived by N

y,
9.
2061 © 1997 The American Physical Society
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2062 56YURI B. CHERNYAK
and Krassowska@14# using an appropriate averaging and a
sumingperiodic cellular structure. The equations are form
lated for the averaged intracellular, extracellular, and tra
membrane potentialŝ F i&, ^Fe&, and U[^F i&2^Fe&,
respectively, and in the absence of an external electric fi
have the form

C] tU5Llmn
i ]m]n^F

i&2I ~U !,

2C] tU5Llmn
e ]m]n^Fe&1I ~U !, ~1!

whereC is the surface capacitance of the cellular membra
L it the cell volume to surface ratio, andlmn

i andlmn
e are the

effective conductivity tensors arising from averaging, resp
tively, intra- and extracellular Ohmic currents over t
nonisotropic cellular structure@14#. Tacit summation over
dummy Greek indices is assumed. The nonlinear sou
I (U) is the transmembrane current density and is obtai
by summing up the membraneI -V characteristics over the
cell’s surface@14#. A physically consistent theory for th
membraneI -V curve can be found in Ref.@15#. Note that
Eqs. ~1! have been first postulated earlier as the so-ca
bidomain model of neuromuscular tissue@16,17#, a consis-
tent physical interpretation lacking~the term bipotential
modelappears to better represent its content!. Remarkably,
Eqs.~1! must have broader applicability and hold for nonp
riodic and somewhat irregular myocardial tissue as follo
from a general mathematical theory of averaging of parab
operators with almost periodic~or random! rapidly oscillat-
ing coefficients@18–20#.

We shall consider planar wave configurations with t
normal to the plane given by a unit vectork̂, and so the
dynamical variables depend on time and the spatial varia
X5 k̂mxm , where k̂m are the direction cosines ofk̂
( k̂mk̂m51). In this case Eqs.~1! reduce to a single RD equa
tion of the form

]U

]t
5D

]2U

]X2 2
1

C
I ~U !, D[

L

C

lel i

l i1le , ~2!

whereD5D( k̂) is the ~effective! diffusion coefficient~for
the directionk̂! and the invariantsle andl i are defined as
lmn

e k̂mk̂n andlmn
i k̂mk̂n , respectively. We shall useL as the

space scale,t05L2/D as the time scale,DU5Uex2U rest
as the potential scale, andI 05leffDU/L, where leff
[leli/(le1li) as the current scale. Note that the veloc
unit L/t05leff /C is independent of the spatial scale. In d
mensionless form Eq.~2! reduces to

]u

]t
5

]2u

]x2 2 i ~u!, ~3!

wheret5t/t0 andx5X/L are dimensionless time and spa
variables,u5U/DU is dimensionless membrane potent
counted off from the resting state, andi 5I /I 0 . A sketch of a
typical steady stateI -V curve, i 5 i (u), for myocardium is
shown in Fig. 1. In accordance with our definition ofu the
first and third nodes ofi (u) are fixed atu50 andu51. The
major shape parametersof the curve in Fig. 1 are the en
slopess15 i 8(0) and s25 i 8(1) and the intermediate nod
u0 (0,u0,1). A quite remarkable fact is that for neuro
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muscular tissue the magnitude of the sourcei (u) in Eq. ~3! is
always small~our current unitI 0 is large since it is deter-
mined by the large electrolytic conductanceleff!. Using, for
example, the popular Luo and Rudy~LR! model @21# ~an
empirical Hodgkin-Huxley-type model for myocardium! one
finds that the peak value ofu i (u)u does not exceed 0.015, an
moreover both end slopess1 and s2 are also small:
s1;0.5431023 ands2;0.034.

B. Nonlinear eigenvalue problem

Considering a plane wave steadily propagating along
x axis from left to right we introduce the usual variab
j5x2ct, wherec is dimensionless propagation speed, a
look for solutions of Eq.~3! depending only onj. Setting
u5u(j) in Eq. ~3! immediately gives

d2u

dj2 1c
du

dj
2 i ~u!50. ~4!

A wave of transitionsu(j) from the state withu50 at
x5` to the state withu51 at x52` must satisfy the
boundary conditions

u~2`!51, u~`!50. ~5!

The set of equations~4! and ~5! is often referred to as a
nonlinear eigenvalue problem because as first noted by
dovich and Semenov@22# it closely resembles an eigenvalu
problem for a linear differential equation of the second ord
Problem ~4!, ~5! is usually analyzed using the phase va

FIG. 1. The sketch of a typical steady state transmembrane
rent i (u) ~arbitrary units! versus membrane potentialu. The dash-
dotted straight linesi 15s1u, andi 25s2(u21) show the asymptot-
ics of i (u) for u;0 andu;1, respectively. The three nodes of th
I -V curve are marked with open circles~the resting state with
u50, the unstable transitional value withu0.0.4264 and the ex-
cited state withu51!. The major shape parameters of theI -V curve
are the end slopess15 i 8(0), s25 i 8(1), and theintermediate node
u0 .
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56 2063STEADY STATE PLANE WAVE PROPAGATION SPEED . . .
ablesu and p5du/dj ~often referred to as the KPP var
ables! in which d/dj[pd/du, and so Eqs.~4! and ~5! re-
duce to the problem

p
dp

du
1cp2 i ~u!50, p~0!50, p~1!50. ~6!

Since Eqs.~6! involve a first-order equation one can expe
that two boundary conditions determine both an integrat
constant and the propagation speedc. Having foundp(u)
and recalling thatp5du/dj and we can find the profile
u5u(j) in an implicit form as

j1const5E du

p~u!
. ~7!

Since problem~6! involves no parameter, the functio
i (u) is the only varying element of the problem. This mea
that c is a functional of the source functioni (u). Physically
the transmembrane current arises from the activity of a v
ety of ionic membrane channels, each of which can be in
pendently controlled in experiment, and so the shape ofi (u)
can be widely varied. For both theoretical and practical
plications i (u) can be parametrized, i.e., represented a
fixed function of some parameters, and the dependencec
on suchshape parametersstudied~cf. Refs. @23–27#!. The
dependence on one particular shape parameter, the m
tude of the nonlinear source, is very simple. One can rea
check that problem~6! is invariant under the transformation
i (u)→g2i (u), c→gc, and p→gp. This means that the
propagation speedc scales as the square root of the mag
tude of i(u). Because our current unitI 05leffDU/L, the di-
mensional propagation speed is actually proportional
leff /CA1/I 05AleffL/DU/C. The factorAleff includes the en-
tire dependence of the propagation speed on the propag
direction k̂. The above scaling allows us to use in the illu
trating calculations of Secs. IV–VI the most convenient
graphical representation normalization ofi (u).

III. FACTORIZATION OF THE SOURCE TERM
AND TWO MAJOR DISPERSION RELATIONS

The known exactly solvable cases are all designed i
similar fashion: The currenti (u) is comprised of two factors
one vanishing at the ends of the interval@0,1# and another
one with a node inside the interval, the first factor cons
tuting the solutionp(u) of Eqs. ~6!. For example, for the
FitzHugh-Nagumo ~FN! equation @13,26# this factor is
;u(12u). It suggests that we can view the nonline
eigenvalue problem~6! as the followingfactorization prob-
lem: For a given~source! function i (u) with three nodes a
u5u150, u5u0 , (0,u0,1), andu5u251, find such a
constantc (c>0) and a continuous functionp(u) @p(u),0
for 0,u,1, p(0)5p(1)50# that i (u) can be represente
as a product

i ~u!5p~u! j ~u!, ~8!

where j (u) is related top(u) andc as follows:

j ~u!5p8~u!1c. ~9!
t
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Since p(u)Þ0 for 0,u,1 ~actually p,0! and i (u) has
exactly one root on this interval, the second factorj (u) ac-
cording to Eq.~8! also has exactly one rootu5u0 on ~0,1!.
Equation ~8! thus represents a factorization of the sour
i (u) into two factors, one including the nodes at the ends
the interval and another including the intermediate node.
evident that Eqs.~8! and ~9! are equivalent to Eq.~6!.

Let us take the derivative of Eq.~8!, set u50 or u51,
and obtain

i 8~0!5p8~0! j ~0!, i 8~1!5p8~1! j ~1!. ~10!

Introducing the end slopesk1 andk2 of the solutionon the
phase plane,

k15p8~0!, k25p8~1!, ~11!

one can rewrite Eqs.~10! in the form

j ~0!5s1 /k1 , j ~1!5s2 /k2 , ~12!

where s15 i 8(0) and s25 i 8(1). The slopesk1 and k2 are
actually the exponents which determine the asymptotic
havior of the wave front solutionu(j) as j→1` and
j→2`, respectively~the ‘‘foot’’ and the ‘‘head’’ of the
transition wave!. Settingu50 in Eq. ~9! and using the first
relations in Eqs.~11! and ~12! we readily obtain

k1
21ck12s150 ~k1,0!. ~13!

This is an asymptotic dispersion relation for the RD equat
~3! linearized about the resting stateu50 ~or f5f r!. @We
refer to Eq.~13! as an asymptotic dispersion relation to d
tinguish it from the dispersion relation arising in the fir
perturbation order in the two-time theory of nonlinear wav
and corresponding to a fundamentally nonlinear perio
process@28,29#.# Since the diffusion equation is paraboli
the dispersion relation, which determines the free wave
lutions exp@ik(x2ct)#, can be satisfied only for imaginar
k52 ik1 . The negative slopek1 (k1,0) is thus an inverse
length constant in the asymptotic solutionu;exp@k1(x2ct)#
as j5x2ct→`. This asymptotic region of exponentia
growth is often referred in electrophysiology as the ‘‘foo
of the action potential. Similarly, settingu51 in Eq.~9! and
using the second relations in Eqs.~11! and~12! we obtain the
second dispersion relation

k2
21ck22s250 ~k2.0!, ~14!

which describes the exponential asymptotics of the tra
tional wave near the excited stateu51. Note that choice of
the roots of Eqs.~13! and~14! is specified by the conditions
k1,0 andk2.0 @the wave profileu(j) is a monotonically
decreasing function#. In terms of the phase diagram
@10,30,31#, dispersion relations~13! and~14! constitute char-
acteristic equations for the saddle points~0,0! and ~1,0!, re-
spectively, and so the slopesk1 andk2 representcharacter-
istic directionsof the respective saddle points on the (u,p)
plane.

Multiplying the differential equation in Eqs.~6! by du
and integrating from zero to unity and taking into accou
the boundary conditions one obtains the well-known iden
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2064 56YURI B. CHERNYAK
c5
*0

1i ~u!du

*0
1p~u!du

, ~15!

which allows one to calculatec after having found the eigen
function p(u). Using the factorization approach and havi
found p(u) as i (u)/p(u) one can also findc in a simpler
way. Using Eq.~8! one can calculatej (u) and then set in Eq
~9! u5umin @where min$p(u)%[p(umin)# and, because
p8(umin)50, obtain c5 j (umin). Next, sincep(u),0 and
c.0, Eq.~15! requires that*0

1i (u)du,0, which can be writ-
ten as

E
0

u0
i ~u!du,2E

u0

1

i ~u!du, ~16!

whereu0 is the intermediate node ofi (u). Thus, Eq.~16!
constitutes a condition that the excitation wave propagat
the positive direction of thex axis. Physically, this inequality
means that the ‘‘potential energy’’W5*0

ui (u)du in the ini-
tial state is higher than in the final state, which can be in
preted as the requirement that the transition occurs fro
metastable to a stable~ground! state with the lower potentia
energyW(1) @W(0).W(1): for details see Ref.@13##.

IV. TRANSITIONAL WAVES WITH CENTRAL
SYMMETRY ABOUT THEIR MIDPOINT

A. General consideration

We consider in this section a class of such sourcesi (u)
that they generate solutionsp(u) whose graphs on the phas
plane are symmetric relative to the verticalu51/2 @p(u) is
an even function ofũ5u21/2#. Such a symmetry ofp(u) is
necessary and sufficient for the corresponding wave pro
u5u(j) to have a central symmetry with respect to its m
point at whichu51/2 @for sufficiently smoothu(j) the mid-
point coincides with the inflection point#. A function F(u)
with the domain 0<u<1 is always representable as a su
of its symmetric and antisymmetric partsF1(u) andF2(u),
defined as

F1~u!5
F~u!1F~12u!

2
, F2~u!5

F~u!2F~12u!

2
.

~17!

Therefore, ifp(u) is symmetric,p(u)5p1(u), the integral
on the right-hand side of Eq.~7! can be written as

G~u!5E
1/2

u du8

p1~u8!
[E

1/2

u 2du8

p~u8!1p~12u8!
, ~18!

where the origin of thej axis is chosen in the midpoint. On
can check thatG(12u)52G(u), and therefore, the wav

profile is determined by the equationj5G̃(ũ)[G( 1
2 1ũ),

whereG̃(ũ) is an odd function ofũ. This can be expresse
asũ5g̃(j), whereg̃(j) is inverse toG̃(ũ) and hence also an
odd function. Therefore, the wave profile has central symm
try relative to the midpoint. The reverse proposition is e
dent.
in

r-
a

le
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-
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A wave with such a symmetry possesses the evident p
erty p8(0)52p8(1), which, according to Eqs.~11!, can be
written as

k252k1 . ~19!

This equation and the two dispersion relations~13! and~14!
constitute a set of three equations fork1 , k2 , andc, which
yield

k252k15As11s2

2
, c5

s22s1

A2~s11s2!
. ~20!

According to Eqs.~20! the direction of propagation of sym
metric waves is determined solely by the value of parame
l5s1 /s2 , the excitation propagates along thex axis from
left to right (c.0) whenl,1, and in the opposite direction
otherwise. All symmetric waves have the same propaga
speed~20! and the same length scale 1/k2 if the end slopes
s15 i 8(0) ands25 i 8(1) are, respectively, the same.

The requirement thatp(u) be symmetric imposes certai
restrictions oni (u). Let us representi (u) andp(u) as sums
of their respective symmetric and antisymmetric parts us
Eqs. ~17!. Since a function and its derivative have oppos
parity, we obtain that differential equation~6! is equivalent
to the set

p18 p21p1~p28 1c!5 i 1~u!,

p2~p28 1c!1p18 p15 i 2~u!. ~21!

Whenp is symmetric,p5p1 andp2[0, Eqs.~21! reduce to

cp~u!5 i 1~u!, p~u!p8~u!5 i 2~u!, ~22!

where i 1(u)[@ i (u)1 i (12u)#/2 and i 2(u)[@ i (u)
2 i (12u)#/2 are known functions. Note that each of th
currentsi 1(u) and i 2(u) vanishes at both ends of the se
ment@0,1#. Equations~22! require that in the symmetric cas
i 1(u) and i 2(u) be related by

i 1~u!
di1~u!

du
5c2i 2~u!, ~23!

wherec is the propagation speed given by Eqs.~20!. One can
also check that, if even and odd parts ofi (u) are related by
Eq. ~23! with an arbitrary chosen constantc2.0, then there
is a unique symmetric solutionp5p1(u) related toi 1(u) by
the first equality in Eqs.~22! with c given by Eqs.~20!. In
terms of our factorization problem~8! and~9!, condition~23!
means that

j 1~u!5c, j 2~u!5p8~u!5
1

c
i 18 ~u!. ~24!

Thus, for any symmetric functioni 1(u), which vanishes at
u50 andu51, one can obtain using Eq.~23! the antisym-
metric componenti 2(u) and the total currenti (u) and also
find the solutionsp5p1(u) andc.

B. Examples of symmetric solutions

It will be convenient in the following to use renormalize
solutionsp0(u) defined by

p~u!5k1p0~u![p8~0!p0~u!, ~25!
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and sop0(u).0 for 0,u,1 andp08(0)51. In the symmet-
ric case we also havep08(1)521. Substituting Eq.~25! into
Eqs.~8! and ~9! and using Eqs.~20! we obtain

i ~u!5p0~u!Fs11s2

2
p08~u!2

s22s1

2 G . ~26!

This is a general form of the current corresponding to sy
metric solutions and expressed explicitly via the end slo
s1 and s2 . Let us consider several examples of symme
exact solutions.

1. Parabolic eigenfunction

Settingp0(u)5u(12u) and using Eq.~26! we obtain the
FitzHugh-Nagumo~FN! current@13# which has the form of a
cubic polynomial:

i ~u!5u~12u!@s12~s11s2!u#. ~27!

The intermediate rootu0 is expressed via the end slop
as u05s1 /(s11s2). The wave profileu5u(j) @we shall
hereafter use this simple notation instead ofũ5g̃(j)# can
be readily obtained using Eqs.~7! and ~25! with p0(u)
5u(12u). This solution is well known to be given by

u~j!5
1

2 F12tanh
k2j

2 G , k25As11s2

2
. ~28!

2. Sinusoidal eigenfunction

A new example of the symmetric exact solution results
one chooses

p0~u!5
1

p
sin~pu!. ~29!

The corresponding current, according to Eq.~26! becomes

i ~u!5
sinpu

p F ~s11s2!

2
cospu2

s22s1

2 G . ~30!

Note that the intermediate rootu0 of i (u) from Eq. ~30! is
related to the parameterl5s1 /s2 by l5tan2(pu0/2). Simple
calculations using Eqs.~7!, ~25!, and~29! give the profile of
the transition wave:

u~j!5
2

p
arctan@exp~2k2j!#. ~31!

Figure 2~A! displays a family of currents~30! and the FN
currents~27! for the same two values of ofu0 ~which deter-
mines the values of parameterl5s1 /s2!. In Figs. 2~B! and
2~C! the respective eigenfunctionsp5p(u) and the wave
profiles u5u(j) are plotted. Both the parabolic FN eige
functions and their respective wave profiles and the si
soidal eigenfunctions~29! with their wave profiles~31! have
quite similar behavior. All currents are effectively norma
ized by the conditionc51.
-
s

c

f

-

3. Catenary eigenfunction

A more interesting example is generated byp0(u) shaped
as a catenary and depending on a continuous parametera as
follows:

p0~u!5
cosha2cosha~2u21!

2a sinha
[

cosha2cosh2aũ

2a sinha
,

~32!

where the denominator provides the required normalizatio
p08(0)51. In the limit a→0, Eq. ~32! reduces to the FN
expressionu(12u). When a@1, p0(u) becomes a table-
wise function with the flat top at the height;1/2a. Accord-
ing to Eq.~26! the current corresponding to Eq.~32! has the
form

FIG. 2. The triplet of membrane currents~A!, eigenfunctions
p(u)[du/dj ~B!, and waveprofilesu(j) ~C! for two different val-
ues ofu0 and two different kinds of exact solutions@sinusoidal and
parabolic p(u)#. The wave profiles in panel~C! propagate ‘‘up-
ward.’’ Solid lines (u050.2) and dashed lines (u050.3) are the
currents given by Eq.~30! andl5tan2(pu0/2). The FN case with
l5u0 /(12u0) is shown for the same two values ofu0 by dash-
dotted (u050.2) and dotted (u050.3) lines, respectively. The zero
current level is also shown in panel~A! by the dotted line. The
requrementc51 for each curve fixes normalization of the curren
and setss252(11l)/(12l)2 @see second relation in Eq.~20!#.
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2066 56YURI B. CHERNYAK
i ~u!5
cosha2cosh2aũ

4a sinh2a
@~s12s2!sinha

2~s11s2!sinh2aũ#. ~33!

Figure 3~A! displays a family of such currents~divided bys2
to scale this parameter out! for a fixed l[s1 /s250.2 and
a50.5,5,10,20. Although these currents look quite differen
the propagation speed has the same value given by Eqs.~20!.
The scale of the wave width is formally independent ofa
although the profile of the wave does depend ona. The
corresponding eigenfunctions~32! are plotted in Fig. 3~B!.
Using Eqs.~32!, ~25!, and~7! one obtains the wave profile

u~j!5
1

2
2

1

a
atanhS tanh

a

2
tanh

k2j

2 D . ~34!

FIG. 3. A triplet of currents~A!, eigenfunctions~B!, and the
symmetric wave profiles~C! given by Eqs.~33!, ~32!, and ~34!,
respectively. Different curves are obtained at the same values ol
ands2 ~l50.2 ands251! anda52.0 ~solid lines!, a510 ~dashed
lines!, a55 ~dash-dotted lines!, anda50.5 ~dotted lines!. In panel
~A! the horizontal dotted line indicates the zero-current level and
currents normalized by the conditionns251 were multiplied by a
factor of 10.
t,

Note that whena→0, Eq. ~34! reduces to the FN profile
~28!. Figure 3~C! shows profilesu(j) for the respective cur-
rents shown in Fig. 3~A! and eigenfunctions shown in Fig
3~B!. One can observe that in the vicinity of the inflectio
point j50 whena@1 the eigenfunction becomes approx
mately constant and the wave profile becomes fairly lin
u(j)'1/22k2j/(4a), when k2j,2a. When a is large
(a>3) one can visually distinguish three regions of the tra
sition wave, the foot and the head characterized by the s
space constant 1/k2 , and the intermediate linear region wit
the width;a/k2 . This example demonstrates that the wid
of the front and the propagation speed are generally u
lated.

V. ASYMMETRIC CASE

The asymmetric case does not seem to be generally s
able. Nonetheless we shall show in this section that in ad
tion to the end slopess1 ,s2 one can specify a third param
eter, either an asymmetry parameterh, or a growth indexn,
or a thresholdu* such that the propagation speed is det
mined by only these three parameters. We shall also cons
some exact solutions which illustrate the interrelationship
tween different choices and physical interpretations of
third parameter. Any of these exact solutions can be a
taken as the first step for the successful approximations c
sidered in Sec. VI.

A. Asymmetry parameter and growth index

At small u, p(u);k1u, and so the nonlinearity ofp(u)
can be taken into account by a functionF0(u) defined by the
equality

p~u!5k1@u2F0~u!#. ~35!

Since p(0)50 and p8(0)5k1 , we must require that
F0(0)50 and F08(0)50. Now taking a derivative of Eq
~35!, setting u51, and using Eqs.~11!, we obtain
k25@12F08(1)#k1 , which can be written in the form

k252hk1 , ~36!

where we have introduced theasymmetry paramete
h5F08(1)21. Relation ~36! generalizes Eq.~19! to the
asymmetric case. Given the values ofh and the end slopes
s1 ,s2 , the propagation speedc can be readily found by solv
ing Eq.~36! simultaneously with the dispersion relations~13!
and ~14!. This yields

k152As2~11hl!

h~11h!
, k252hk1 ,

c5
As2~12h2l!

Ah~11h!~11hl!
. ~37!

Whenh51, Eq.~36! coincides with Eq.~19! while relations
~37! reduce to Eqs.~20! for symmetric transitional waves
The excitation condition~16! now reduces toh2l,1 or
h,1/Al. The problem of finding the propagation speedc is

ll
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thus reduced to finding the asymmetry parameterh. One
more step in this direction can be done by introducing
growth indexn defined as

n5
d lnF0~u!

d lnu U
u50

. ~38!

The fact that the functionF0 has the growth indexn actually
means thatF0(u)5unC0(u), whereC0(0)Þ0. In order to
satisfy the conditionF08(0)50 we shall consider onlyn.1.
Let us impose onC0(u) the requirementsC0(1)51 and
C08(1)50. Then the conditionsp(1)50, p8(1)5k2 and Eq.
~36! are satisfied if we set

h5n21. ~39!

We thus see that the asymmetry parameterh and the propa-
gation speedc are independent of the functionC0(z) as long
as the conditionsC0(1)51 andC08(1)50 are satisfied.

B. Exact solutions with asymmetric profiles

1. Power-polynomial current

A simple but nontrivial example of an asymmetric tran
tional wave arises when one setsC0(u)51 or

F0~u!5uh11, ~40!

with constanth.0, which can be treated as a continuous
varying parameter. The conditionh.0 immediately follows
from the requirementn.1. The FN case corresponds
h51. Some other cases with integerh ~h52,3 andh54!
were considered in Ref.@32#. The renormalized solution
p0(u)[p(u)/k1 in accordance with Eq.~35! takes the form

p0~u!5u~12uh!, ~41!

and the current can be obtained using Eqs.~8! and ~9! as

i ~u!5Su~12uh!~u0
h2uh!, S[s2~11lh!/h, ~42!

where the intermediate rootu0 is given by

u05S lh

11lh D 1/h

. ~43!

Equation~37! expressesk1 , k2 , andc via s1 , s2 , andh. The
asymmetry parameterh in turn can be represented as a fun
tion of the intermediate rootu0 andl. Solving Eq.~43! for h
we obtainh5 (1/l) r (u0

1/l) where the functionr (z) is de-
fined as a solution to the equationz5z(r )[@r /(11r )#1/r

@i.e., r (z) is an inverse function forz(r )#. Both r (z) and
z(r ) are monotonically growing functions whenr .0. Using
Eqs.~41!, ~7!, ~36!, and~25! one can easily obtain the wav
profile

u~j!5~11expk2j!2h. ~44!

Figures 4~A!–4~C!, respectively, display the correspondin
families of the currentsi (u), the solutionsp(u), and the
wave profilesu(j).
a

-

2. Piecewise linear discontinuous current

The asymmetry parameter can be expressed solely vi
excitation thresholdu* in the following exactly solvable
case@26,27# with the sawtoothI -V curvei 5 i (u) of the form

i ~u!5 H s1u when u,u* ,
s2~u21! when u>u*

~45!

@see Fig. 5~A!#. The corresponding continuous eigenfun
tions p(u) and the smooth wave profilesu(j) are shown in
Figs. 5~B! and 6~C!, respectively. The current depends o
three independent parameters: the end slopess1 , s2 , and the
threshold u* , the position of the discontinuity ofi (u),
which plays a role similar to that of the intermediate ro
u0 in Eqs.~42!. With the view to further generalizations, w
shall present below a complete solution of the problem.

FIG. 4. A triplet of currents~A!, eigenfunctions~B!, and the
~asymmetric! wave profiles~C! for the power-polynomial currents
~42! at fixedl50.05,s251 @normalization ofi (u)#, and varyingh.
Solid lines in all three panels correspond toh52.5 andc50.359;
dashed lines, toh53 andc50.31; dashed-dotted lines, toh53.5
andc50.273; and dotted lines, toh54 andc50.245. The inflec-
tion points on the wave profiles are marked by asterisks. In pa
~A! all currents were multiplied by a factor of 100 and the horizo
tal dotted line indicates the zero-current level.
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It is easy to check that the combination of two line
pieces of the form

p~u!5 H k1u when u,u* ,
k2~u21! when u>u* , ~46!

is the exact solution of Eqs.~5! if k1 andk2 are the roots of
the dispersion relations~13! and ~14!. The condition that
p(u) is continuous atu5u* reduces to

k252
u*

12u*
k1 , ~47!

which in accordance with Eq.~36! determines the asymmetr
parameterh as

h5
u*

12u*
. ~48!

FIG. 5. A triplet of currents~A!, eigenfunctions~B!, and the
~asymmetric! wave profiles~C! for the SZS@27# solvable example.
Panels~A!, ~B!, and~C! are described by Eqs.~45!, ~46!, and~50!,
respectively. Each current is normalized by specifying the value
s2 . For all curvesl50.03. Solid lines in all three panels correspo
to s2510 andc054.70; dashed lines, tos2515 andc53.59; dash-
dotted lines, tos2520 andc52.55; and dotted lines, tos2530 and
c51.59. Notice the smoothness of the wave profiles.
This allows us to use Eqs.~37! and immediately writec as a
function of the end slopess1 ,s2 (l[s1 /s2) and the excita-
tion thresholdu* in the form

c5
As2@~12u* !22u

*
2 l#

Au* ~12u* !@12u* ~12l!#
. ~49!

The ‘‘foot’’ and ‘‘head’’ scalesk1 ,k2 can also be readily
expressed via these parameters using Eqs.~37! and~48!. Ex-
citation condition~16!, the requirement thatc.0, now be-
comesu* ,1/(11Al). Finally, according to Eqs.~7! and
~46!, the wave profile is a smooth match of the two exp
nents

f

FIG. 6. Continuous membrane currentsi (u) ~A! and respective
eigenfunctionsp(u) ~B! in the three-piece approximation~51!. All
curves were calculated at fixedn52.2, slightly varieds1 and s2 ,
and four positions of the transitional region with the fixed wid
Du50.2. Solid lines correspond tos151, s2510, the left boundary
of the transitional regionu150.651 ~for these parameter value
c;9310217!; dashed lines correspond tos150.77, s2511,
u150.451 (c51.66); dash-dotted lines, tos150.625, s2512,
u150.251 (c53.59); and dotted lines, tos150.526, s2513,
u150.051 (c57.54). In panel~A! the intermediate points with
u5u* are indicated by asterisks and marked with theu* values.



ex
ion
rc

ha
ne

t
it

,

-

h-

ss
n

ry

th

q

o

e-
rs

ing

-

a-
t

in

56 2069STEADY STATE PLANE WAVE PROPAGATION SPEED . . .
u~j!5 H12~12u* !expk2j when j<0,
u* expk1j when j>0. ~50!

Next, we shall show that by appropriately redefining the
citation thresholdu* one can extend the above express
~49! to a much more general case with a continuous sou
currenti (u).

3. Continuous current with two linear end regions

A very distinct feature of the neuromuscular tissue is t
the ensemble average transmembrane current is fairly li
in each of the two conduction regions corresponding
closed and open sodium channels. A family of currents w
such features are shown in Fig. 6~A!. The I -V curve consists
of three regions, the first one in whichu<u1 and i 5s1•u,
the second,transitional region u1<u<u2 , and the third
region u.u2 in which the current is again linear
i 5s2•(u21).

In the regions with lineari (u), the eigenfunctionp(u) is
again linear,p5k1•u andp5k2•(u21), and the entire so
lution can then be represented as

p~u!5H k1u when u<u1 ,
k1@u2F~u2u1!# when u1<u<u2 ,
k2~u21! when u2<u.

~51!

Here F(0)50, F8(0)50, which guarantee smooth matc
ing of p(u) and continuity ofi (u) at u5u1 . By requiring
higher derivatives ofF(z) to vanish atz50 one can make
the matching atu5u1 even more smooth, the smoothne
class ofi (u) being one unit lower than that of the solutio
p(u). In order to ensure continuity ofi (u) at u5u2 we
introduce thegrowth index

n5
F8~u2u1!

F~u2u1!
~u2u1!U

u5u2

[
d lnF~u!

d lnu U
u5u22u1

, ~52!

then set

F~u2u1!5~u2u1!nC~u2u2!, ~53!

and requireC(0)Þ0 andC8(0)50. We shall consider only
n.1 soF8(0)50. We shall show now that the asymmet
parameterh and therefore the propagation speedc are inde-
pendent of functionC(z). Using the parametern we can
definea weighted medium point u* of the transitional region
as follows:

u* 5
1

n
u11S 12

1

n Du2 . ~54!

Because the sum of coefficients multiplyingu1 andu2 in Eq.
~54! is unity, the left-hand side of this relation has indeed
form of a weighted averageof the boundariesu1 andu2 of
the transitional region (u1 ,u2). Using Eqs.~52!–~54! one
can reduce two requirements of smooth matching in E
~51! at u5u2 to Eq. ~47! with the threshold value ofu*
defined by Eq.~54!. Therefore, Eqs.~48! and~49! for h and
c also hold true with this redefined value ofu* . Similarly,
no new derivation is required to expressk1 andk2 . Accord-
ing to Eq.~54!, if one simultaneously shifts the boundaries
-

e

t
ar
o
h

e

s.

f

the transitional region (u1 ,u2) by du at fixedn, the middle
point u* also shifts bydu. This fact in conjunction with
expression~49! provides a fairly general answer on the d
pendence of the propagation speedc on the shape paramete
of i (u). Figure 6~B! displays the eigenfunctions~51! in
which the function F is determined by Eq.~53! with
C5c5const. That is we setF(u)[c(u2u1)n with c and
n being constant. Different curves were obtained by shift
the entire transitional region at the fixed value ofn52.2.
The effect of variation of the powern at a fixed transitional
region (u1 ,u2) is exemplified in Fig. 7.

The value of the thresholdu* can be related to the ex
perimentally observable characteristic points of theI -V
curve such as the intermediate rootu0 . Sincep(u)Þ0 on the
interval 0,u,1, its inner pointu0 is the root only of the
factor j (u) in Eq. ~9!, which requires one to solve the equ
tion p8(u0)1c50. The solution is shown in Fig. 8 as a plo
of u versusu0 for several values ofl and fixedDu50.3

FIG. 7. Continuous membrane currents~A! and respective
eigenfunctions~B! in the same three piece approximation as
Fig. 7 but for a fixed transitional region~u150.2u250.8!, the same
end slopess151 and s2550, and varying powern. Solid lines
correspond ton52 ~u* 50.5 andc;4.85!; dashed lines, ton52.5
(u* 50.56 andc;3.97!; dash-dotted lines, ton54 (u* 50.65 and
c;2.81!; and dotted lines, ton58 ~u* 50.725 andc;1.92!. Aster-
isks in panel~A! mark the intermediate points withu5u* .
*
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and n53 @we use Eqs.~51!–~54! with C5c5const.# The
dependence betweenu* andu0 is approximately linear and
indicates thatu0 is the first-order estimate for the thresho
valueu* .

Returning to a general case of arbitrary functionC, one
concludes that for given values ofu1 and u2 the values of
k1 , k2 , andc are fully determined by the value of paramet
n and are independent of the~arbitrary! function C in Eq.
~53! @as long asC~0!Þ0 andC8~0!50#. If one keeps in mind
that in general the end regions can be, however, short, e
infinitesimal, the result obtained appears to be fairly imp
tant: Eq. (49) can be considered as a general expression
the propagation speed c via the end slopes s1 ,s2 and the
threshold u* . An important advantage of the three regio
representation is that it naturally embodies the three reg
of the transitional waveu5u(j): the foot with j→`
and u;expk1j, the middle region which includes the in
flection point u9(j i)50, and the head withj→2` and
u21;expk2j.

VI. CALCULATIONS FOR AN ARBITRARY SOURCE
USING AN ITERATIVE PROCEDURE

We shall introduce in this section a simple algorithm f
quickly computingc andu(j) for any given sourcei (u). To
simplify our notation we setp̄(u)52p(u) @so p̄(u).0 on
~0,1!#, and rewrite the differential equation Eqs.~6! as

d

du S p̄2

2 D5 i ~u!1cp̄~u!, ~55!

wherec>0. Now we introduce an important functionI (u)
defined as

I ~u!5E
0

u

i ~u8!du8, ~56!

and write Eq.~55! in the form of the integral relation

FIG. 8. Dependence of the intermediate pointu* on the inter-
mediate rootu0 at fixed values ofn53 and Du50.3. The six
curves counting from bottom up correspond tol50.001, 0.01,
0.03, 0.09, 0.27, and 0.81, respectively.
en
-
r

ns

p̄~u!5A2F I ~u!1cE
0

u

p̄~u8!du8G . ~57!

Relation ~57! incorporates the differential equation and t
first of the two boundary conditions in Eqs.~6!. The second
boundary conditionp(1)50 requires that

I ~1!1cE
0

1

p̄~u8!du850. ~58!

Note that becausep̄(u).0 for 0,u,1 the integral in Eq.
~58! is always positive and we obtain the well-known res
that thec vanishes when~and only when! I (1)50. Equa-
tions ~57! and~58! comprise another formulation of the non
linear eigenvalue problem and can be considered as a lim
the following sequence of the recurrence relations:

ck1152
I ~1!

*0
1p̄k~u8!du8

,

p̄k11~u!5A2F I ~u!1ck11E
0

u

p̄k~u8!du8G . ~59!

It is evident that if the sequencep̄k(u) converges atk→`
then the limitsp̄(u)5 limk→` p̄k(u) andc5 limk→` ck give
the sought after solution of our nonlinear eigenvalue pr
lem. When I (1)Þ0 one can introduce the renormalize
quantities J(u)5I (u)/I (1) and p̃k(u)5 p̄k(u)/A22I (1)
and using Eq.~59! obtain

p̃k11~u!5A*0
up̃k~u8!du8

*0
1p̃k~u8!du8

2J~u!. ~60!

Because the source term is universally normaliz
J(0)50 andJ(1)51, the sequencep̃k(u) is actually inde-
pendent of the value of the integralI (1) and converges to the
renormalized solutionp̃(u) of our eigenvalue problem
p̃(u)[2p(u)/A22I (1). Therefore, Eq.~58! finally yields

c5
1

&

A2I ~1!

*0
1p̃~u!du

, ~61!

wherep̃(u) is independent of the details of scaling ofi (u).
Settingp̃(u)[1/2 reduces Eq.~61! to Zeldovich and Frank-
Kamenetskii’s expression@7# c5A22I (1) derived for flame
propagation~the source without the first node!. Our calcula-
tions show that for a three-nodei (u) it is better to start the
iterations withp̃0(u)[1. Settingp̃0(u)[1 in Eq. ~60! and
using relation~61! we find a convenient first estimate for th
propagation speed in the form

c.
1

&

A2I ~1!

*0
1Au2J~u!du

. ~62!

Our numerical calculations have shown that Eqs.~59! or
~60! and~61! constitute a very convenient, quickly conver
ing, and stable algorithm. In order to avoid the small erro
ous imaginary values that may sometimes arise at the v
end of the integration interval due to the integration error
is sufficient to add a small stabilizing positive constant«s
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under the root in Eq.~59! or ~60!. The easiest way to calcu
late such iterative integrals is using the trapezium meth
which is precise withinO(Du2). Hence suffices it take
«s!Du2. In our calculations represented in Fig. 9 we us
Du;1/800 and took«s51028 which stabilized the calcula
tions without affecting the results.

The number of iterations needed to achieve a given p
cision in p̄(u) depends on the degree of asymmetry ofp(u)
and, of course, on the initialp̄0(u). In our numerical experi-
ments the latter dependence was fairly weak. The con
gence was the slowest whenp(u) was symmetric and wa
becoming more rapid as the asymmetry parameter was
creasing. The worst choice of the zero approximation w
p̄0(u)51 and c152I (1). In most unfavorable cases
could require six or seven iterations to obtain three corr
digits in the propagation speed. In most cases it required
to three iterations. The piecewise approximations conside
in the previous section comprise a good zero approxima
for a variety of the currents we have tried. Figure 9 displa
exact and approximate eigenfunctions for the exactly so
able power polynomial current~42! with s151, s25100, and
h58: The dot-dashed line represents the zero approxima
taken in the form~51!; the thin solid line results from the
first iteration and virtually coincides with the exact solutio
shown by the bold dashed line. In this and other examp
with substantial asymmetry the curvesp5pk(u) become
graphically indistinguishable after the second step (k>2). It
usually required one more iteration to reach the same pr
sion when we were starting with a two-piece approximat
~45!. The method described in this section can also be u
in combination with the variational principle introduced
Ref. @33#.

VII. MODEL WITH ACTIVATION

We shall consider the effect of noninstantaneous act
tion on the propagation speed using a generalized sawt

FIG. 9. Iterative solution of solving the nonlinear eigenval
problem for i 5 i (u) given by Eq.~42! with s151, s25100, and
h58. As the zero approximation~dash-dotted line! we took Eq.
~51! with u15umax/2 andu25(11umin)/2 andn55, which yields
c150.3586. The first iteration is shown by the thin solid line a
yields c150.4103. The second iteration~thick dashed line! is
graphically indiscernible from exact solution and givesc250.4083.
The exact value isc150.4082.
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current model with the thresholdu* varying in time and
identified with the control variablew governed by a linear
equation. We thus set

]u

]t
5

]2u

]x2 2 i ~u,w!,

«
]w

]t
5w02w2dw•u, ~63!

wherew0 and dw are positive constants and the current
given by

i ~u,w!5 H s1u if u,w,
s2~u21! if u>w. ~64!

When dw.0, such a system has two steady states~u50,
w5w0! and (u51, w5w02dw!. We shall consider a tran
sition wave from the former to the latter state in whic
w5wf5w02dw and dw.0. Thus, parameterdw has
the meaning of the total variation of the control variablew
from its initial to the final state. The excitation process
quite simple in terms of the ‘‘potential energy
W(u)5*0

ui (u8)du8. The ‘‘potential barrier’’ between the
states withu50 andu51 is W(w) and depends only onw.
Even if the initial ‘‘energy’’ barrierW0[W(w0)5s1w0

2/2 is
high, it decreases during activation and finally reache
lower value ofWf[W(wf)5s1wf

2/2. At the same time the
‘‘energy’’ of the final stateW(1) becomes lower than that o
the initial stateW(0)50, and so the system diffuses to th
new preferable state.

We shall use the KPP variables and in much the sa
way as in Sec. II C arrive to the set of equations

p
dp

du
1cp5 i ~u,w!,

«cp
dw

du
2w52w01dw•u. ~65!

The functionp(u) must satisfy the boundary conditions fro
Eqs. ~6! while the functionw(u) must satisfy the condition
of nonsingularity:dw/du is bounded atu50 andu51. In
terms of variablej this condition means thatw(j) is
bounded. In the ‘‘foot’’ regionu<w the solutionp5k1u
obtained in Sec. V C for 0<u<u* is still valid. Using the
nonsingularity condition and solving the second equation
Eqs.~65! one has

w~u!5w02
dw

12«ck1
u ~dw[w02wf !, ~66!

which must hold in the region of the foot of the transitio
wave whereu<w. The excitation occurs whenu5w, which
defines the effective value of the thresholdu* . Therefore,
setting w5u* and u5u* in Eq. ~66! and using Eq.~13!
after some calculations one obtains the cubic equation de
mining the threshold valueu :
*
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«̂~12l!z32z2~11dw22«̂q!

1z@w0~112dw!1 «̂r #2w0
2dw50, ~67!

where z5w02u* , «̂5«s2 , q512w0(12l), and
r 5(12w0)22lw0

2. The new smallness parameter«̂5«s2 is
very small for the medium modeling neuromuscular tiss
In the Luo-Rudy model@21#, for example,s2;331022 and
«;1021, and so«̂;331023. A solution of Eq.~67! within
first order can be obtained readily by setting in Eq.~66!
w5u* and expressing2ck1[k1

22s1 in the zero approxi-
mation viau* 'u

*
(1)5w0 /(11dw). This yields

u
*
~1!5

w0

11dw H 11
«̂dw

w0~11dw!2 @~12wf !
22lw0

2#J . ~68!

Further corrections can be found using Eq.~67!, if necessary.
The fact that the main term in Eq.~68! does not depend on
dimensionless activation time scale« is quite remarkable,
since it implies that within the same precision the propa
tion speeddoes not depend on the activation time constan«
either. Another interesting conclusion from Eq.~68! is that
even if « is of the order of unity the correction due to ac
vation is still small because«̂;s2!1 ~neuromuscular tis-
sue!. It is also interesting that in the zero approximation t
excitation condition~16! becomeswf1Alw0,1 and im-
poses some restriction on the nullclines of the activat
equation. This indicates that ifl is not very small and the
initial value of the thresholdw0 is sufficiently large the wave
would not form and propagate.

VIII. CONCLUSION

As long as the medium can be considered continu
@14,19,20,34# the validity region of our results is mostly lim
ited by the assumptions of fast activation and slow recove
The former assumption may not be too restrictive becaus
shown in Sec. VII it can be accounted for by redefining o
of the source parameters. An interesting fact generic for n
romuscular tissue is that the dimensionless activation tim«
always enters the equations in the combination«c which
implies that for slow waves (c!1) the activation always
occurs fast. The velocity unit for myocardium is fairly larg
(c0;11 m/s) while the actual propagation speed is about
m/s. Therefore, excitation waves in myocardium are alw
ll.
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slow ~the dimensionless speedc;0.05! and the paramete
«c!1 even if«;1. The effect of recovery processes is mo
complicated particularly because its dimensionless rate«1
always appear in the combination«1 /c. Therefore, the ap-
proximation of slow recovery breaks for sufficiently slo
waves. It is well known that the recovery processes g
birth to the second, slow branch of the dependence of
propagation speed on the threshold, which is broadly
lieved to correspond to unstable@10# solutions. The slow
branch merges with the fast one at a certain minimum sp
cmin such that excitation waves withc,cmin do not exist.
The value ofcmin is the lower bound for the validity region
of our results.

Our analysis presented in this paper shows that in the
approximation the propagation speed of excitation waves
be thought of as depending on three major shape param
of the nonlinear source, the end slopess1 ,s2 and the thresh-
old u* or the asymmetry parameterh. We derived a genera
expression forc in terms of these parameters. Although t
asymmetry parameter is in fact a complex functional ofi (u),
in a number of cases it can be explicitly expressed thro
the shape parameters ofi (u). On the other hand, the param
etersh or u* can be measured in independent experime
For neuromuscular tissue, for example, the parameteru* has
the meaning of the weighted center of the transitional reg
of the I -V curve.

An important implication of the exact solutions consi
ered in this paper is that the propagation speed and the w
of the wave front are generally independent functionals
the shape ofi (u). Only when the source constitutes a on
parameter family @e.g., the Fisher waves@31,35# with
i (u)52Au(12u) or the waves considered in Ref.@23##,
both functionals become different functions of the sa
single shape parameter and therefore they can be expre
through each other. These solutions also demonstrate tha
transition waves may possess more than one characte
width corresponding to the foot, the head, and the middle
the wave, which may generally vary at fixedc.
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