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Steady state plane wave propagation speed in excitable media
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With the view to excitation waves in neuromuscular tissue we study the propagationcspesttady state
plane trigger waves as a function of the shape parameters of the nonlinear source function in the reaction
diffusion equation(the slow recovery variable is assumed frozeFhe nonlinear eigenvalue problem, which
yields ¢ as the eigenvalue and the wave profil€f) as the eigenfunction, is reformulated to allow us to
construct a variety of exactly solvable models, in particular the waves with profiles having central symmetry
about their midpoints. Trigger waves with asymmetric profiles are also considered. The propagatianispeed
expressed in terms of the shape parameters of the nonlinear source fufajioWwe show that among shape
parameters of(u) there are only three essential ones which control the propagation speed. We derive a general
expression for the propagation speed, which has the same simple form as in the well known case with the
sawtoothwisd (u) but with one parameter appropriately redefined. We also introduce a simple iterative pro-
cedure for solving the nonlinear eigenvalue problem. Finally introducing a new exactly solvable model we
show that the effect of noninstantaneous activation on the propagation speed can be reduced to renormalization
of one of the steady state model's parameter.
[S1063-651%97)13808-9

PACS numbes): 87.22—(q, 82.20—w

[. INTRODUCTION in the propagation speed. The corresponding RD equations
incorporate a qualitatively different nonlinear source with
Propagation speed of an excitation wave in excitable methree or more nodes, and thus require quite a different ap-
dia was perhaps first estimated in the recently rediscovere@roach [8—13. Besides, after being excited the medium
[1] early work by Luthef2]. The validity of Luther's expres- eventually relaxes to the initial state, and this is described by
sion is limited by the fact that it does not incorporate any2dditional “recovery” variables obeying extra equations.
nonlinearity parameter responsible for formation of an excit10WeVver, such a complex set of equations can still be re-
tation wave(see Ref[1]). The nonlinear problem was first duced to a.smgle RD equation by using the standard ap-
introduced for population waves by Fishg8] and fully proach of singular perturbation thedr$—13. We shall fo-

o : cus our attention in this paper on electrophysiological
solv_ed bY Kolmogor(?v, Petrovskii, and P_|sk_unﬁ_0PP) [4]' excitation waves propagating in neuromuscular tissue and
In Fisher’'s and KPP’s approach the excitation is realized a

o . ' . ﬁeglect the influence of the slow processes on the back of the
an “ignition” wave in which a variableu changes from zero \ue “Thys, we shall considérnsitional waves (also re-
to unity. Fisher[3] considered a specific quadratic nonlinearerred to asleading edgeor trigger waves described by a

sourcef(u)=u(1—u) in the reaction diffusion(RD) equa-  gjngle RD equatioriexcept Sec. VIl Such waves are solu-
tion while KPP[4] performed their analysis for arbitrary  tions of a RD equation with a nonlinear sourfde) = —i(u)
convex nonl.inear SOUI’CE(U). KPP analyzed global Stablllty [l (U) has the meaning of transmembrane Cuﬂ'and there-

of the solutions and showed that the propagation speed yre all dynamical characteristics of the waves are function-
determined by only one parameter of the source function—s of j(u). The main aim of this work is to find such a
the slopef’(1) at the final, stable state=1 (the initial state  harametrization of the sourééu) that allows one to obtain a

fqr the nonconvex case can be foun_d in R&I. It was later  of the essential shape parameters @f). We also demon-
discovered that apart from the Fisher-KPP waves somgirate that the parameters of different source functions can be
stable faster waves may evolve from some specific 'n't'ahapped on each other in such a way that the obtained equa-
conditions(see for a review Ref6]). Almost simultaneously  tjon for ¢ holds. In Sec. VII using a specific model we show
with Fisher and KPP, Zeldovich and Frank-KamenetbRli  that the account of activation processes in neuromuscular
considered an ignition wave described by a RD equatioRissye results only in a minor correction to the propagation
with nonconvex sourcé(u) and using simple physical con- gpeedc and that the shape parameters can be so redefined

siderations derived an explicit expression for its speed.  that the same steady state expressiorcfeemains valid.
More recent studies in the excitation waves in neuromus-

cular tissue and autowave chemical reactions revived interest Il. BASIC EQUATIONS

A. Equations of homogenized syncytium
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and Krassowskf14] using an appropriate averaging and as- 1
sumingperiodic cellular structure. The equations are formu-
lated for the averaged intracellular, extracellular, and trans-
membrane potentialg®;), (d,), and U=(D')—(D®),
respectively, and in the absence of an external electric field
have the form

(=]

|
ry

CoU=L\, d,0,(D)—1(U),

urp

—CoU=L\},0,0,(Pe)+1(V), (1)

|
N

whereC is the surface capacitance of the cellular membrane,
L it the cell volume to surface ratio, and,, and\;,, are the
effective conductivity tensors arising from averaging, respec-
tively, intra- and extracellular Ohmic currents over the
nonisotropic cellular structurgl4]. Tacit summation over ; ) : | X
dummy Greek indices is assumed. The nonlinear source 0 02 04 06 08 1
(V) is the transmembrane current density and is obtained Dimensionles membrane potential, u
by summing up the membraneV characteristics over the
cell's surface[14]. A physically consistent theory for the

membrand -V curve can be found in R_e[_‘LS]. Note that renti(u) (arbitrary unity versus membrane potential The dash-
E.qs. (1)_ have been first postulated _earller as the so-_callegjotted straight lines, =s,u, andi,=s,(u—1) show the asymptot-
bidomain ,mOd?I of neurqmuscula_lr tiss[5,17, _a Cons{'s' ics of i(u) for u~0 andu~1, respectively. The three nodes of the
tent physical interpretation lackingthe term bipotential |\ curve are marked with open circlgthe resting state with
modelappears to better represent its conteRemarkably, =0, the unstable transitional value with=0.4264 and the ex-
Egs.(1) must have broader applicability and hold for nonpe-cited state withu=1). The major shape parameters of th¥ curve
riodic and somewhat irregular myocardial tissue as followsare the end slopes,=i’(0), s,=i’(1), and thentermediate node
from a general mathematical theory of averaging of parabolig,.
operators with almost periodi@r random rapidly oscillat-
ing coefficients18-20. , , _ muscular tissue the magnitude of the soties in Eq.(3) is
We shall consider planar wave configurations with theg\ways small(our current unitl, is large since it is deter-
normal to the plane given by a unit vectkr and so the mineq py the large electrolytic conductancgy). Using, for
dynamical variables depend on time and the spatial Vé“'ab'@xample, the popular Luo and RudyR) model [21] (an
X=k,X,, Wwhere k, are the direction cosines ok  empirical Hodgkin-Huxley-type model for myocardimne
(k,k,=1). In this case Eqgl) reduce to a single RD equa- finds that the peak value ¢if(u)| does not exceed 0.015, and
tion of the form moreover both end slopes; and s, are also small:
$;~0.54x 10 2 ands,~0.034.

Dimensionles membrane current
|
w

FIG. 1. The sketch of a typical steady state transmembrane cur-

N J°U (U). Dot AOA! )
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B. Nonlinear eigenvalue problem
whereD = D(AIQ) is the (effective diffusion coefficient(for Considering a plane wave steadily propagating along the

the gi[ectionk) and the invariant3.® and\' are defined as x axis from left to right we introduce the usual variable
)\fwkﬂk,, and )\'Mk k,, respectively. We shall use as the £=X—c7, wherec is dimensionless propagation speed, and
space scaletong/D as the time scaleAU=U.,— U, 100k for solutions of Eq.(3) depending only org¢. Setting

as the potential scale, andly=AcAU/L, where N, U=U(£) in Eq. (3) immediately gives

=\®\/(\®+\) as the current scale. Note that the velocity

2
unit L/ty=N\¢/C is independent of the spatial scale. In di- d_l;+c E—i(u)=0. (4)
mensionless form Ed2) reduces to dé &
2
&_u: ou —i(u), 3) A wave of transitionsu(¢) from the state withu=0 at
ar  oX Xx=0o to the state withu=1 at x=—c must satisfy the
) ) ] boundary conditions
wherer=t/ty andx=X/L are dimensionless time and space
variables,u=U/AU is dimensionless membrane potential
u(—)=1, u(x)=0. 5

counted off from the resting state, and1/1,. A sketch of a
typical steady staté-V curve,i=i(u), for myocardium is
shown in Fig. 1. In accordance with our definitionwfthe  The set of equation$4) and (5) is often referred to as a
first and third nodes adf(u) are fixed ati=0 andu=1. The nonlinear eigenvalue problem because as first noted by Zel-
major shape parametersf the curve in Fig. 1 are the end dovich and Semenoj22] it closely resembles an eigenvalue
slopess;=i’(0) ands,=i'(1) and the intermediate node problem for a linear differential equation of the second order.
Up (0<ug<1). A quite remarkable fact is that for neuro- Problem(4), (5) is usually analyzed using the phase vari-
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ablesu and p=du/d¢ (often referred to as the KPP vari- Since p(u)#0 for O<u<1 (actually p<0) andi(u) has
ables in which d/dé=pd/du, and so Eqgs(4) and (5) re-  exactly one root on this interval, the second fagtfr) ac-
duce to the problem cording to Eq.(8) also has exactly one root=ug on (0,1).
Equation (8) thus represents a factorization of the source
dp . i (u) into two factors, one including the nodes at the ends of
P gy Tep~i(w=0, p(0)=0, p(1)=0. ®)  the interval and another including the intermediate node. It is
evident that Eqs(8) and(9) are equivalent to Eq6).
Since Eqs(6) involve a first-order equation one can expect Let us take the derivative of E¢8), setu=0 oru=1,
that two boundary conditions determine both an integratiorand obtain
constant and the propagation speedHaving foundp(u) _ _ ) )
and recalling thatp=du/d¢ and we can find the profile iI'(0)=p'(0)j(0), i"(1)=p"(1)j(2). (10)

u=u(§) in an implicit form as ) i
Introducing the end slopds; andk, of the solutionon the

phase plane,

§+const=f ﬂ (7
p(u) ki=p'(0), k,=p'(1), (11

. Si_nce problem(6)_ involves no parameter, the function one can rewrite Eq€10) in the form

i(u) is the only varying element of the problem. This means

thatc is a functional of the source functiaigu). Physically . j(0)=s,/k;, j(1)=s,/ks, (12)

the transmembrane current arises from the activity of a vari-

ety of ionic membrane channels, each of which can be indewheres;=i’(0) ands,=i'(1). Theslopesk,; andk, are
pendently controlled in experiment, and so the shap€wf  actually the exponents which determine the asymptotic be-
can be widely varied. For both theoretical and practical aphavior of the wave front solutioru(§) as é—+« and
plicationsi(u) can be parametrized, i.e., represented as &— —, respectively(the “foot” and the “head” of the
fixed function of some parameters, and the dependence of transition wavg Settingu=0 in Eq. (9) and using the first
on suchshape parameterstudied(cf. Refs.[23-27). The  relations in Eqs(11) and(12) we readily obtain

dependence on one particular shape parameter, the magni-

tude of the nonlinear source, is very simple. One can readily k§+ cki—s1=0 (k;<0). (13
check that probleng6) is invariant under the transformations

i(u)—y%i(u), c—yc, and p—vyp. This means that the This is an asymptotic dispersion relation for the RD equation
propagation speed scales as the square root of the magni- (3) linearized about the resting state=0 (or ¢= ¢,). [We
tude of {u). Because our current uniig=XzAU/L, the di-  refer to Eq.(13) as an asymptotic dispersion relation to dis-
mensional propagation speed is actually proportional tdinguish it from the dispersion relation arising in the first
Nett/C\/1 o= N egL/AU/C. The factory\ ¢ includes the en-  perturbation order in the two-time theory of nonlinear waves
tire dependence of the propagation speed on the propagati@fd corresponding to a fundamentally nonlinear periodic
directionk. The above scaling allows us to use in the illus- process[28,29.] Since the diffusion equation is parabolic,
trating calculations of Secs. IV-VI the most convenient forthe dispersion relation, which determines the free wave so-

graphical representation normalizationi¢ti). lutions expik(x—ct)], can be satisfied only for imaginary
k= —ik,. The negative slopk&; (k;<0) is thus an inverse

IIl. EACTORIZATION OF THE SOURCE TERM length constant in the asymptotic solutiar-exgk;(x—ct)]
AND TWO MAJOR DISPERSION RELATIONS as £=x—ct—oo. This asymptotic region of exponential

growth is often referred in electrophysiology as the “foot”

The known exactly solvable cases are all designed in &f the action potential. Similarly, setting=1 in Eq.(9) and
similar fashion: The curreri(u) is comprised of two factors, using the second relations in E¢$1) and(12) we obtain the
one vanishing at the ends of the inter{8l|1] and another second dispersion relation
one with a node inside the interval, the first factor consti-
tuting the solutionp(u) of Egs. (6). For example, for the k3+cko—s,=0 (k;>0), (14
FitzHugh-Nagumo (FN) equation [13,26] this factor is
~u(1—u). It suggests that we can view the nonlinearwhich describes the exponential asymptotics of the transi-
eigenvalue probleni6) as the followingfactorization prob- tional wave near the excited staie= 1. Note that choice of
lem: For a given(source functioni(u) with three nodes at the roots of Eqs(13) and(14) is specified by the conditions
u=u;=0, u=ug, (0<ug<1), andu=u,=1, find such a K;<0 andk,>0 [the wave profileu(§) is a monotonically
constant (c=0) and a continuous functiom(u) [p(u)<0  decreasing function In terms of the phase diagram
for 0<u<1, p(0)=p(1)=0] thati(u) can be represented [10,30,3], dispersion relationgl3) and(14) constitute char-

as a product acteristic equations for the saddle poifis0) and(1,0), re-
spectively, and so the slop&s andk, representharacter-
i(w)=p(u)j(u), (8) istic directionsof the respective saddle points on the )
plane.
wherej(u) is related top(u) andc as follows: Multiplying the differential equation in Eq96) by du

and integrating from zero to unity and taking into account
j(uy=p’(u)+c. 9 the boundary conditions one obtains the well-known identity
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f%i (u)du A wave with such a symmetry possesses the evident prop-
c= W (15  ertyp’(0)=—p’'(1), which, according to Eqq11), can be
0 written as
which allows one to calculate after having found the eigen- ko= —Kj. (19

function p(u). Using the factorization approach and having This equation and the two dispersion relati¢ti8) and (14)

found p(u) asi(u)/p(u) one can also find in a simpler  congjitute a set of three equations far, k,, andc, which
way. Using Eq(8) one can calculatg(u) and then set in Eq. yield

(9) u=upi, [where midp(u)}=p(unn)] and, because

P’ (Umin)=0, obtain c=j(umyy). Next, sincep(u)<0 and « S$1tS, S,—S; 20
¢>0, Eq.(15) requires thay 5i (u)du<0, which can be writ- 2= K= 2 T Beaiey
ten as (S1+5,)

According to Eqs(20) the direction of propagation of sym-
ug 1 metric waves is determined solely by the value of parameter
J i(U)dU<—J i(u)du, (16  \=s,/s,, the excitation propagates along tkeaxis from
0 to left to right (c>0) when\ <1, and in the opposite direction
_ ) _ ) otherwise. All symmetric waves have the same propagation
whereu is the intermediate node d{u). Thus, Eq.(16)  speed(20) and the same length scalekdif the end slopes
constitutes a condition that the excitation wave propagate i@l:i’(O) ands,=i'(1) are, respectively, the same.
the positive direction of thg axis. Physically, this inequality The requirement thgb(u) be symmetric imposes certain
means that the “potential energyWV= fgi(u)du in the ini-  restrictions ori(u). Let us represeritu) andp(u) as sums
tial state is higher than in the final state, which can be interof their respective symmetric and antisymmetric parts using
preted as the requirement that the transition occurs from &qgs.(17). Since a function and its derivative have opposite
metastable to a stablground state with the lower potential parity, we obtain that differential equatia6) is equivalent
energyW(1) [W(0)>W(1): for details see Ref.13]]. to the set

"p_+ "+o)=i.(u),
IV. TRANSITIONAL WAVES WITH CENTRAL P+P p+(p ) +( )
SYMMETRY ABOUT THEIR MIDPOINT p_(p.+C)+p,ps=i_(u). (21)

A. General consideration Whenp is symmetricp=p. andp_=0, Egs.(21) reduce to

We consider in this section a class of such soui¢e}

that they generate solutiopgu) whose graphs on the phase cp(u)=i(u), p(up’(w)=i-(u), (22)
plane are symmetric relative to the vertiest 1/2 [p(u) @s where i,(u)=[i(u)+i(1—u)]/2 and i_(u)=[i(u)
an even function ofi=u—1/2]. Such a symmetry gf(u) is  —j(1—u)]/2 are known functions. Note that each of the

necessary and sufficient for the corresponding wave profilgyrrentsi . (u) andi_(u) vanishes at both ends of the seg-

u=u(¢) to have a central symmetry with respect to its mid- ment[0,1]. Equations(22) require that in the symmetric case
point at whichu= 1/2[for sufficiently smoottu(¢) the mid- i (u) andi_(u) be related by

point coincides with the inflection poihtA function F(u)

with the domain Gsu<1 is always representable as a sum i\ (u) diy(u) —c2i_(u) 29
of its symmetric and antisymmetric pafs (u) andF _(u), * du B
defined as ) i )
wherec is the propagation speed given by E(0). One can
F(u)+F(1-u) F(u)—F(1—u) also check that, if even and odd partsi (i) are related by
Fiu)y=——— F-U)=——— Eq. (23) with an arbitrary chosen constact>0, then there

(17) is a unigue symmetric solutigm=p . (u) related ta . (u) by
the first equality in Eqs(22) with ¢ given by Eqgs.(20). In
Therefore, ifp(u) is symmetric,p(u)=p. (u), the integral terms of our factorization proble8) and(9), condition(23)

on the right-hand side of Eq7) can be written as means that
1
u o du’ u 2du’ je(u=c, j_(u)=p'(u)=—=i%(u). (24)
cw-[" S SNEE) c
12 P+(U’)  Jaz p(u’)+p(l-u’)

Thus, for any symmetric function, (u), which vanishes at
u=0 andu=1, one can obtain using E{R3) the antisym-
metric component_(u) and the total current(u) and also
find the solutiongp=p, (u) andc.

where the origin of the€ axis is chosen in the midpoint. One
can check thaG(1—u)=—G(u), and therefore, the wave
profile is determined by the equatiai=G(T)=G(%+71),

whereG(T) is an odd function ofi. This can be expressed B. Examples of symmetric solutions

asu=g(¢), whereg(¢) is inverse taG(U) and hence alsoan ¢ will be convenient in the following to use renormalized
odd function. Therefore, the wave profile has central symmesg|ytionsp,(u) defined by

try relative to the midpoint. The reverse proposition is evi-
dent. p(u)=kypo(u)=p’(0)po(u), (25
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and sopg(u) >0 for 0<u<1 andp((0)=1. In the symmet-
ric case we also haveg)(1)= — 1. Substituting Eq(25) into
Egs.(8) and(9) and using Eqs(20) we obtain

S, tS. S,—S
{(W)=po(W)| ~5— Po(W=~5—|-  (26)

Dimensionles current, i

This is a general form of the current corresponding to sym:
metric solutions and expressed explicitly via the end slope
s, ands,. Let us consider several examples of symmetric

exact solutions. 0
=N N a
1. Parabolic eigenfunction \2— X //(
- 0.2 N R
Settingpy(u) =u(1—u) and using Eq(26) we obtain the _§ \ N T ’
FitzHugh-NagumdFN) current[13] which has the form of a 2 A =,
cubic polynomial: | -04 NS
.qg)l B ’x\ ~ _ -
Hu)=u(l-uls;—(sy+sp)ul. @) M 6 S
0 0.2 0.4 0.6 0.8 1

The intermediate rootiy is expressed via the end slopes
as Ug=s1/(s;+sy). The wave profileu=u(¢) [we shall
hereafter use this simple notation insteadusfg(¢)] can
be readily obtained using Eq$7) and (25) with pg(u)
=u(1—u). This solution is well known to be given by

Dimensionles distance
(=)

1 k S;+s

u()== 1—tanhi§, ko= \/——2. (29
2 2 2 1t
2. Sinusoidal eigenfunction -2

A le of th tri t soluti Its if 0 0.2 0.4 0.6 0.8 1
new example or the symmetric exact solution results | Dimensionles membrane potential, u

one chooses

1 FIG. 2. The triplet of membrane current8), eigenfunctions
Po(u) = — sin(7u). (290  P(u)=duwdé (B), and waveprofilesi(¢) (C) for two different val-
m ues ofuy and two different kinds of exact solutiofisinusoidal and
parabolicp(u)]. The wave profiles in pan€lC) propagate “up-
The corresponding current, according to E26) becomes ward.” Solid lines Uy=0.2) and dashed lineug=0.3) are the
currents given by Eq(30) and A =tarf(muy/2). The FN case with
sinru [(s;+5,) S,—S; A=Ug/(1—up) is shown for the same two values of by dash-
(300  dotted py=0.2) and dottedf,=0.3) lines, respectively. The zero
current level is also shown in pané\) by the dotted line. The
requrement=1 for each curve fixes normalization of the current
Note that the intermediate roo of i(u) from Eq.(30) is  and setss,=2(1+\)/(1—\)? [see second relation in EQR0)].
related to the parametar=s, /s, by \ =tarf(wuy/2). Simple
calculations using Eqs7), (25), and(29) give the profile of 3. Catenary eigenfunction
the transition wave:

p T cosmu >

i(u)=

A more interesting example is generatedpdyu) shaped
as a catenary and depending on a continuous parameter

2 .
u(§)= = arctafiexp —k;¢)]. 3y follows:
_ coshy—coshw(2u—1) coshw— coshu
Figure ZA) displays a family of current$30) and the FN Po(U)= 2« Sinhw T 2asinhe
currents(27) for the same two values of afy (which deter- (32

mines the values of parameters,/s,). In Figs. 2B) and

2(C) the respective eigenfunctions=p(u) and the wave Wwhere the denominator provides the required normalization
profilesu=u(¢) are plotted. Both the parabolic FN eigen- pp(0)=1. In the limit «—0, Eq. (32) reduces to the FN
functions and their respective wave profiles and the sinuexpressionu(1—u). When a>1, po(u) becomes a table-
soidal eigenfunction§29) with their wave profileg31) have  wise function with the flat top at the height1/2«. Accord-
quite similar behavior. All currents are effectively normal- ing to Eq.(26) the current corresponding to E@®2) has the
ized by the conditiorc=1. form
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Note that whena—0, Eq. (34) reduces to the FN profile
(28). Figure 3C) shows profileau(&) for the respective cur-
rents shown in Fig. @) and eigenfunctions shown in Fig.
3(B). One can observe that in the vicinity of the inflection
point §&=0 whena>1 the eigenfunction becomes approxi-
mately constant and the wave profile becomes fairly linear
u(é)=1/2—kyél(4a), when k,é<2a. When « is large
(a=3) one can visually distinguish three regions of the tran-
sition wave, the foot and the head characterized by the same
space constant k4, and the intermediate linear region with
the width~ a/k,. This example demonstrates that the width
of the front and the propagation speed are generally unre-
lated.

V. ASYMMETRIC CASE

The asymmetric case does not seem to be generally solv-
able. Nonetheless we shall show in this section that in addi-
tion to the end slopes; ,s, one can specify a third param-
eter, either an asymmetry parametgror a growth indexy,
or a thresholdu, such that the propagation speed is deter-
mined by only these three parameters. We shall also consider
some exact solutions which illustrate the interrelationship be-
tween different choices and physical interpretations of the
third parameter. Any of these exact solutions can be also
taken as the first step for the successful approximations con-
sidered in Sec. VI.

A. Asymmetry parameter and growth index

At small u, p(u)~kyu, and so the nonlinearity gb(u)
can be taken into account by a functidp(u) defined by the
equality

P(U)=Ki[u—Po(u)]. (39

FIG. 3. A triplet of currents(A), eigenfunctionsB), and the
symmetric wave profile$C) given by Egs.(33), (32), and (34,  Since p(0)=0 and p’(0)=k;, we must require that
respectively. Different curves are obtained at the same valuis of ®¢(0)=0 and ®;(0)=0. Now taking a derivative of Eq.
ands, (\=0.2 ands,=1) and a=2.0 (solid lineg, «=10 (dashed  (35), setting u=1, and using Egs.(11), we obtain

lines), a=5 (dash-dotted lings and«=0.5 (dotted lines. In panel  k,=[1—®((1)]k,, which can be written in the form
(A) the horizontal dotted line indicates the zero-current level and all

currents normalized by the conditiorsa=1 were multiplied by a ko= — nk, (36)
factor of 10.

where we have introduced th@&symmetry parameter

. coshw— coshu . n=®;(1)—1. Relation (36) generalizes Eq(19 to the
i(U)= ————5— [(S1—Sy)sinha

da sinffa asymmetric case. Given the valuessfind the end slopes
_ _ $1,Sy, the propagation speedcan be readily found by solv-
—(s1+sp)sinh2zu]. (33 ing Eq.(36) simultaneously with the dispersion relatiois)

and (14). This yields
Figure 3A) displays a family of such currentdivided bys,

to scale this parameter gufor a fixed \=s;/s,=0.2 and o= — [S2(1+ 7)) ko= — nk
«=0.5,5,10,20. Although these currents look quite different, ! p(1+qp) @ 2 T

the propagation speed has the same value given by(Eg)s.

The scale of the wave width is formally independentaof Vso(1— 52\)

although the profile of the wave does depend @nThe c= . (37
corresponding eigenfunctior82) are plotted in Fig. @). V(1+7)(1+ 7\)

Using Eqgs.(32), (25), and(7) one obtains the wave profile o ) _ )
Whenz=1, Eq.(36) coincides with Eq(19) while relations
. (37) reduce to Eqs(20) for symmetric transitional waves.
11 a 2€ The excitation condition(16) now reduces top’\<1 or
uo=5-5 atanVGtanhE tanhT). (34) n<1/\J\. The problem of finding the propagation speei$
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thus reduced to finding the asymmetry parameterOne

more step in this direction can be done by introducing a

growth indexv defined as

~d Indg(u)

YT T dnu (38)

u=0

The fact that the functiody has the growth index actually
means thatby(u) =u"¥y(u), where¥y(0)+#0. In order to
satisfy the conditionb;(0)=0 we shall consider only>1.
Let us impose on¥y(u) the requirementsly(1)=1 and
W¥((1)=0. Then the conditionp(1)=0, p'(1)=k, and Eq.
(36) are satisfied if we set
n=v—1 (39

We thus see that the asymmetry parametend the propa-

gation speed are independent of the functidihy(z) as long
as the condition®(1)=1 and¥;(1)=0 are satisfied.

B. Exact solutions with asymmetric profiles
1. Power-polynomial current

A simple but nontrivial example of an asymmetric transi-
tional wave arises when one sébg(u)=1 or
do(u)=u7"?, (40)
with constant»>0, which can be treated as a continuously
varying parameter. The conditiop>0 immediately follows
from the requirement>1. The FN case corresponds to
7=1. Some other cases with integer(»=2,3 and n=4)
were considered in Refl32]. The renormalized solution
po(u)=p(u)/k; in accordance with Eq.35) takes the form

Po(u)=u(1—-u?), (41)

and the current can be obtained using E&s.and (9) as

i(W=Sul-u")(ud—u", S=s(1+\p)/n, (42

where the intermediate roog, is given by

Y 7 1/n

1+A7y “3)

Ug=

Equation(37) expresseg;, k,, andc vias;, s,, andz. The
asymmetry parametey in turn can be represented as a func-
tion of the intermediate roat, and\. Solving Eq.(43) for 7
we obtainn= (1/\) r(u(l)”‘) where the functiorr(z) is de-
fined as a solution to the equatiaz(r)=[r/(1+r)]*
[i.e., r(z) is an inverse function foe(r)]. Both r(z) and
z(r) are monotonically growing functions whee-0. Using
Egs.(41), (7), (36), and(25) one can easily obtain the wave
profile

u(é)=(1+expkyé) 7. (44)
Figures 4A)—4(C), respectively, display the corresponding
families of the currents(u), the solutionsp(u), and the
wave profilesu(§).
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FIG. 4. A triplet of currents(A), eigenfunctiongB), and the
(asymmetri¢ wave profiles(C) for the power-polynomial currents
(42) at fixed\=0.05,s,=1 [normalization ofi (u) ], and varying.
Solid lines in all three panels correspond#e-2.5 andc=0.359;
dashed lines, toy=3 andc=0.31; dashed-dotted lines, tp=3.5
andc=0.273; and dotted lines, t9=4 andc=0.245. The inflec-
tion points on the wave profiles are marked by asterisks. In panel
(A) all currents were multiplied by a factor of 100 and the horizon-
tal dotted line indicates the zero-current level.

2. Piecewise linear discontinuous current

The asymmetry parameter can be expressed solely via an
excitation thresholdu, in the following exactly solvable
cas€[26,27] with the sawtooth -V curvei =i(u) of the form

) s,u  when u<u,,
{W=1g,u-1) when u=u, (45)
[see Fig. BA)]. The corresponding continuous eigenfunc-
tions p(u) and the smooth wave profileg £) are shown in
Figs. §B) and GC), respectively. The current depends on
three independent parameters: the end slspes,, and the
thresholdu, , the position of the discontinuity of(u),
which plays a role similar to that of the intermediate root
Uy in Egs.(42). With the view to further generalizations, we
shall present below a complete solution of the problem.
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FIG. 5. A triplet of currents(A), eigenfunctions(B), and the
(asymmetri¢ wave profiles(C) for the SZS[27] solvable example.
Panels(A), (B), and(C) are described by Eq#45), (46), and(50),
respectively. Each current is normalized by specifying the value o
s,. For all curves\=0.03. Solid lines in all three panels correspond
to s,=10 andcy=4.70; dashed lines, & =15 andc=3.59; dash-
dotted lines, tes,= 20 andc=2.55; and dotted lines, t& =30 and
¢=1.59. Notice the smoothness of the wave profiles.

FIG. 6. Continuous membrane currenfg) (A) and respective
eigenfunctiong(u) (B) in the three-piece approximatigbl). All
Furves were calculated at fixed=2.2, slightly varieds; ands,,
and four positions of the transitional region with the fixed width
Au=0.2. Solid lines correspond =1, s,= 10, the left boundary
of the transitional regioru;=0.651 (for these parameter values
c~9%x10 '); dashed lines correspond te;=0.77, s,=11,
u;=0.451 (€=1.66); dash-dotted lines, tg;=0.625, s,=12,
u;=0.251 €=3.59); and dotted lines, t®;=0.526, s,=13,
u;=0.051 €=7.54). In panel(A) the intermediate points with
u=u, are indicated by asterisks and marked with thevalues.

It is easy to check that the combination of two linear
pieces of the form

k,u when u<u,, ) . ) .
p(u)= ky(u—1) when u=u, , (46)  This gllows us to use Eg£37) and immediately write asa
function of the end slopes; ,s, (A=s;/s,) and the excita-
is the exact solution of Eq$5) if k, andk, are the roots of tion thresholdu, in the form
the dispersion relation§l3) and (14). The condition that

p(u) is continuous ati=u, reduces to . Vso[(1—uy)2=u2\] 49
u Ju, (1—u)[1-u, (1-N)]
ky= — 1_*u Ky, 47) * i * ]
*

o . . The “foot” and “head” scalesk;,k, can also be readily
which in accordance with E¢36) determines the asymmetry expressed via these parameters using B3.and(48). Ex-

parametery as citation condition(16), the requirement that>0, now be-
comesu, <1/(1++\). Finally, according to Eqs(7) and

_ (48  (46), the wave profile is a smooth match of the two expo-
Uy nents

=7
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1-(1—u,)expk,¢ when ¢<0,

U=y, expké when £20. (50

Next, we shall show that by appropriately redefining the ex-
citation thresholdu, one can extend the above expression
(49) to a much more general case with a continuous sourc
currenti(u).

3. Continuous current with two linear end regions

-
o

A very distinct feature of the neuromuscular tissue is thai
the ensemble average transmembrane current is fairly linei
in each of the two conduction regions corresponding tc
closed and open sodium channels. A family of currents witt
such features are shown in FigAg. Thel-V curve consists
of three regions, the first one in whieh<u,; andi=s;-u,
the secondtransitional region ysu<u,, and the third
region u>u, in which the current is again linear,
i=s5-(u—1).

In the regions with linear(u), the eigenfunctiorp(u) is
again linearp=Kk;-u andp=Kk,-(u—1), and the entire so-
lution can then be represented as

Dimensionless current, i

0.2 0.4

|
o
(3]

kiu when u<uy,
kKifu—®(u—uy)] when u;<u<u,,
ko(u—1) when u,=<u.

p(u)= (51)

|
—_
T

Here ®(0)=0, ®'(0)=0, which guarantee smooth match-
ing of p(u) and continuity ofi(u) at u=u,. By requiring
higher derivatives ofP(z) to vanish atz=0 one can make
the matching au=u; even more smooth, the smoothness
class ofi(u) being one unit lower than that of the solution
p(u). In order to ensure continuity af(u) at u=u, we
introduce thegrowth index

Eigenfunction, p(u)

|
-
83}

0.2 0.4 0.6 0.8
Dimensionless membrane potential, u

0

’
y= M (u—u, = M , (52 FIG. 7. Continuous membrane currend) and respective
d(u—uy) u=u d Inu U=Ua—u eigenfunctions(B) in the same three piece approximation as in
2 2 Fig. 7 but for a fixed transitional regidii; =0.2u,=0.8), the same
then set end slopess;=1 ands,=50, and varying power. Solid lines
correspond ta=2 (u, =0.5 andc~4.89; dashed lines, ta=2.5
d(u—uy)=(u—uy"¥(u—u,), (53)  (u,=0.56 andc~3.97); dash-dotted lines, to=4 (u, =0.65 and

c~2.8)); and dotted lines, te=8 (u, =0.725 ancc~1.92). Aster-

and require? (0)#0 and¥'(0)=0. We shall consider only isks in panellA) mark the intermediate points with=u, .

v>1 s0®’(0)=0. We shall show now that the asymmetry
parameterp and therefore the propagation speedre inde-
pendent of functionV(z). Using the parameter we can
definea weighted medium point,uof the transitional region

as follows:
i
v being constant. Different curves were obtained by shifting
Because the sum of coefficients multiplyingandu, in Eq.  the entire transitional region at the fixed value wof2.2.
(54) is unity, the left-hand side of this relation has indeed theThe effect of variation of the power at a fixed transitional

the transitional regionuy,u,) by éu at fixed », the middle
point u, also shifts bydu. This fact in conjunction with
expression49) provides a fairly general answer on the de-
pendence of the propagation speeoh the shape parameters
of i(u). Figure @B) displays the eigenfunction&l) in
which the function ® is determined by EQq.53) with

V¥ = =const. That is we seb(u)=(u—u,)” with  and

1
LI* :; U1+

1

1-- (54)

form of a weighted averagef the boundariesi; andu, of
the transitional regiony,u,). Using Egs.(52)—(54) one

region (u;,U,) is exemplified in Fig. 7.
The value of the threshold, can be related to the ex-

can reduce two requirements of smooth matching in Eqsperimentally observable characteristic points of th&/

(51) at u=u, to Eq. (47) with the threshold value ofi,
defined by Eq(54). Therefore, Eqs(48) and(49) for » and
¢ also hold true with this redefined value of . Similarly,
no new derivation is required to exprdssandk,. Accord-
ing to Eq.(54), if one simultaneously shifts the boundaries of

curve such as the intermediate rogt Sincep(u)+ 0 on the
interval O0<u<(1, its inner pointug is the root only of the

factor j(u) in Eqg. (9), which requires one to solve the equa-
tion p’(up) +¢=0. The solution is shown in Fig. 8 as a plot

of u, versusu, for several values ok and fixedAu=0.3
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_ u_
p(u)=+/2 I(u)+cf p(u’)du’|. (57)
0.8 0
lg 0.7 Relation (57) incorporates the differential equation and the
5 first of the two boundary conditions in Eq®). The second
g 0.6 boundary conditiorp(1)=0 requires that
.g 0.5 fl_
3y 1(1)+c u’)du’' =0. 58
§0.4-- (D+c | plu’) (58)
0.3 Note that becausp(u)>0 for 0<u<1 the integral in Eq.
(58) is always positive and we obtain the well-known result
0.2 that thec vanishes whenand only when | (1)=0. Equa-

tions (57) and(58) comprise another formulation of the non-
linear eigenvalue problem and can be considered as a limit of
the following sequence of the recurrence relations:

(1)

1T ipundu”
; Pr+1(U)= \/2

and »=3 [we use Eqs(51)—(54) with ¥'=¢=const] The
dependence between andug is approximately linear and L
indicates thauy is the first-order estimate for the threshold It is evident that if the sequenga(u) converges ak— o
valueu, . then the limitsp(u) =lim,_,., px(u) andc=lim,_, ., ¢, give

Returning to a general case of arbitrary functdnone the sought after solution of our nonlinear eigenvalue prob-
concludes that for given values af andu, the values of lem. Whenl(1)#0 one can introduce the renormalized
ky, k,, andc are fully determined by the value of parameter quantities J(u)=1(u)/1(1) and Py(u)=py(u)/y—2I(1)
v and are independent of tiarbitrary function ¥ in Eq.  and using Eq(59) obtain
(53 [as long asP(0)#0 and¥’'(0)=0]. If one keeps in mind
that in general the end regions can be, however, short, even
infinitesimal, the result obtained appears to be fairly impor- JoPk(u”)du’ -
tant: Eq. (49) can be considered as a general expression for
the propagation speed c via the end slopgsss and the Because the source term is universally normalized,
threshold y . An important advantage of the three region J(0)=0 andJ(1)=1, the sequencp,(u) is actually inde-
representation is that it naturally embodies the three regiongendent of the value of the integigll) and converges to the
of the transitional waveu=u(¢): the foot with &é&—o renormalized solutionp(u) of our eigenvalue problem,
and u~expk;& the middle region which includes the in- p(u)=—p(u)/y/—2I(1). Therefore, Eq(58) finally yields

Intermediate point

FIG. 8. Dependence of the intermediate paigt on the inter-
mediate rootu, at fixed values ofv=3 and Au=0.3. The six
curves counting from bottom up correspond Xe=0.001, 0.01,
0.03, 0.09, 0.27, and 0.81, respectively.

. (59

I(U)+ck+1JOE(U')dU’

— JoPk(u’)du’
Prs+2(U)=

J(u). (60)

flection point u”(&)=0, and the head witht——o and
u—1~expkyé.

VI. CALCULATIONS FOR AN ARBITRARY SOURCE
USING AN ITERATIVE PROCEDURE

1 J=1(1)

= THwadu’ ey

wherep(u) is independent of the details of scalingigfi).
Settingp(u)=1/2 reduces Eq61) to Zeldovich and Frank-

We shall introduce in this section a Simple algorithm for Kamenetskii's expressid:ﬁ] c=+—-2I (1) derived for flame

quickly computingc andu(¢) for any given source(u). To
simplify our notation we sep(u)=—p(u) [sop(u)>0 on
(0,1)], and rewrite the differential equation Ed$) as

e

%) =i(u)+cp(u), (55)

du

wherec=0. Now we introduce an important functidifu)
defined as

I(u)=foui(u’)du’, (56)

and write Eq.(55) in the form of the integral relation

propagation(the source without the first nogeOur calcula-
tions show that for a three-nodéu) it is better to start the
iterations withpg(u)=1. Settingpoy(u)=1 in Eq. (60) and
using relation(61) we find a convenient first estimate for the
propagation speed in the form

1 —1(D)

“n J3Ju=J(uydu’

Our numerical calculations have shown that E&®) or
(60) and(61) constitute a very convenient, quickly converg-
ing, and stable algorithm. In order to avoid the small errone-
ous imaginary values that may sometimes arise at the very
end of the integration interval due to the integration errors it
is sufficient to add a small stabilizing positive constagt

(62
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0 T v " . current model with the threshold, varying in time and
identified with the control variablev governed by a linear
equation. We thus set

-02} N\ q
3 N '
g "\ u  Ju
S 04} N - Tl i(u,w),
= 1
g N .
=] \ )
T -0.6 : © Iw
S Ay ! & —=Wg—W—Ww-U, (63
R N ' ot
w : /
-0.8 N S
N ! wherew, and éw are positive constants and the current is
~._.7 given by
"0 02 04 06 08 1 su i uew
Dimensionless membrane potential, u i(u,w)= ! ' (64)

s,(u—1) if u=w.

FIG. 9. Iterative solution of solving the nonlinear eigenvalue
problem fori=i(u) given by Eg.(42) with s;=1, s,=100, and When 6w>0, such a system has two steady staies 0,

7=8. As the zero approximatiotdash-dotted linewe took Eq. W=Wo) and U=1, w=w,— éw). We shall consider a tran-
(51) with U;=Ue/2 andu,=(1+uy)/2 and»=>5, which yields ~ Sition wave from the former to the latter state in which
¢,=0.3586. The first iteration is shown by the thin solid line and W=W;=Wy—Jow and ow>0. Thus, parameterdw has
yields ¢;=0.4103. The second iteratiofthick dashed lingpis  the meaning of the total variation of the control variable
graphically indiscernible from exact solution and givgs=0.4083.  from its initial to the final state. The excitation process is
The exact value ig;=0.4082. quite simple in terms of the “potential energy”

— u; ! ’ 1 H H 1]
under the root in Eq(59) or (60). The easiest way to calcu- W(u)=Jql(u")du’. The “potential barrier” between the

. L : . d dstates withu=0 andu=1 is W(w) and depends only ow.
late such iterative integrals is using the trapezium metho - if the initial * 5 barrierW.—=Wi = 2/ i
which is precise withinO(Au?). Hence suffices it take —V&M'! the initial “energy” barriefW,=W(wo) =S,wg/2 is

e.<Au2. In our calculations represented in Fig. 9 we usednigh, it decreases during acti\éation and finally .reaches a

Au~1/800 and tookes=10"8 which stabilized the calcula- lower value of Wy=W(wy) =s;w{/2. At the same time the

tions without affecting the results. “energy” of the final stateW(1) becomes lower than that of
The number of iterations needed to achieve a given prethe initial stateW(0)=0, and so the system diffuses to the

cision inp(u) depends on the degree of asymmetryp(fi)  New preferable state.

and, of course, on the initigly(u). In our numerical experi- We shall use the KPP variables and in much the same

ments the latter dependence was fairly weak. The conveway as in Sec. Il C arrive to the set of equations

gence was the slowest wherfu) was symmetric and was

becoming more rapid as the asymmetry parameter was in- .
J P Y v P p+cp=|(u,w),

creasing. The worst choice of the zero approximation was P du

Po(u)=1 and c;=—1(1). In most unfavorable cases it

could require six or seven iterations to obtain three correct dw

digits in the propagation speed. In most cases it required two ecp d__W: —Wg+ 6W-U. (65)

to three iterations. The piecewise approximations considered

in the previous section comprise a good zero approximation

for a variety of the currents we have tried. Figure 9 displaysT he functionp(u) must satisfy the boundary conditions from
exact and approximate eigenfunctions for the exactly solvEQs.(6) while the functionw(u) must satisfy the condition
able power polynomial curreif#2) with s;=1,s,=100, and  of nonsingularity:dw/du is bounded at=0 andu=1. In
7=8: The dot-dashed line represents the zero approximatiofgrms of variable¢ this condition means thaw(¢) is
taken in the form(51); the thin solid line results from the bounded. In the “foot” regionu<w the solutionp=Kk;u
first iteration and virtually coincides with the exact solution obtained in Sec. V C for &u=u, is still valid. Using the
shown by the bold dashed line. In this and other examplesonsingularity condition and solving the second equation in
with substantial asymmetry the curves=p,(u) become EQs.(65 one has

graphically indistinguishable after the second steg2). It

usually required one more iteration to reach the same preci- oW

sion when we were starting with a two-piece approximation w(u)=wo— 1 eck, U (ow=wo—wy),  (66)
(45). The method described in this section can also be used

in combination with the variational principle introduced in

which must hold in the region of the foot of the transition
Ref. [33].

wave wherau<w. The excitation occurs wham=w, which
defines the effective value of the threshaid. Therefore,
settingw=u, andu=u, in Eq. (66) and using Eq.(13)

We shall consider the effect of noninstantaneous activaafter some calculations one obtains the cubic equation deter-
tion on the propagation speed using a generalized sawtoothining the threshold valua, :

VII. MODEL WITH ACTIVATION



2072 YURI B. CHERNYAK 56

e(1-N)Z2—Z2(1+ 6w—2zq) slow (the dimensionless speeaxt-0.05 and the parameter
. ec<1 even ife~1. The effect of recovery processes is more

+2Z[wo(1+26w)+ar]-wgow=0, (67)  complicated particularly because its dimensionless rate
N always appear in the combinatien /c. Therefore, the ap-
where 2= Wom Uy, &=85, g=1-wo(1-1), and  osimation of slow recovery breaks for sufficiently slow
r=(1-wo)"—Awp. The new smallness parameier es, IS \aves. It is well known that the recovery processes give
very small for the medium modeling neuromusculgtr tissuépirth to the second, slow branch of the dependence of the
In the Lluo-RudyAmodeﬂ21],3for examples,~3X10"“and  prgpagation speed on the threshold, which is broadly be-
e~10"", and soe~3x10"". A solution of Eq.(67) within  ieyed to correspond to unstabj@0] solutions. The slow
first order can be obtained readily by setting in B86)  pranch merges with the fast one at a certain minimum speed
w=u, and expressing-ck;=ki—s,; in the zero approxi- ¢ . such that excitation waves with<c, do not exist.

mation viau, ~u{’=wy/(1+ éw). This yields The value ofc,, is the lower bound for the validity region
W - of our results.
v__"o € w2y 2 Our analysis presented in this paper shows that in the first
u,’= 1+ 1-w Awg]i. (68 N : -
* o 1+6w Wo(1+8w)? 3 0 o] (68) approximation the propagation speed of excitation waves can

, , ) be thought of as depending on three major shape parameters
Further corrections can be fopnd using E8}), if necessary. ¢ the nonlinear source, the end slopgss, and the thresh-
The fact that the main term in E¢68) does not depend on 4, o the asymmetry parameter We derived a general
dimensionless activation time scateis quite remarkable, oy nression forc in terms of these parameters. Although the
since it implies that within the same precision the pmpagaésymmetry parameter is in fact a complex functionai(af),
tion speedioes not depend on the activation time constant j, 3 nymber of cases it can be explicitly expressed through
e|ther: Ar]other interesting copclusmn from_E(@S) is that _ the shape parametersigii). On the other hand, the param-
ceven 'f.s IS .Of the order of unity the correction due to "?‘Ct" etersy or u, can be measured in independent experiments.
vation Is still ;mall bt::-causejsz<1 (neuromusc;ular_ US-  For neuromuscular tissue, for example, the parametdras
sue_. lt,'S also mtgrestlng that in the zero approxmatl_on thethe meaning of the weighted center of the transitional region
excitation condition(16) becomesw;+ Awy<1 and im- of the |-V curve.
poses some restriction on the nuliclines of the activation A important implication of the exact solutions consid-
equation. This indicates that X is not very small and the  ge i this paper is that the propagation speed and the width
initial value of the thresholav, is sufficiently large the wave ¢ the wave front are generally independent functionals of

would not form and propagate. the shape of(u). Only when the source constitutes a one-
parameter family[e.g., the Fisher wave$31,35 with
VIIl. CONCLUSION i(u)=—Au(1—u) or the waves considered in RdR3]],

Qoth functionals become different functions of the same
single shape parameter and therefore they can be expressed

ited by the assumptions of fast activation and slow recoveryt.hrough each other. These solutions also demonstrate that the

The former assumption may not be too restrictive because 4&2nsition waves may possess more than one characteristic

shown in Sec. VIl it can be accounted for by redefining ong'Vidth corresponding to the foot, the head, and the middle of

of the source parameters. An interesting fact generic for nedne Wave, which may generally vary at fixed

romuscular tissue is that the dimensionless activation time

alwgys enters the equations in the comb_inat;mﬁwhich ACKNOWLEDGMENTS

implies that for slow waveso<1) the activation always

occurs fast. The velocity unit for myocardium is fairly large | am pleased to use this opportunity to thank Richard J.
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As long as the medium can be considered continuou
[14,19,20,34the validity region of our results is mostly lim-
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